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calculations are using nonlocal pseudopotentials in connection with
Many electronic-structure
iterative diagonalization methods. The most time-consuming steps in those calculations are the calculations of the n' matrix elements and the subsequent diagonalization of this matrix, which requires the repeated calculation of matrix vector products. Using conventional matrix multiplication
this takes an order of n2 operations. We present a new technique which significantly reduces the
computational effort for k points of high symmetry. Since the Hamiltonian is defined as an operator, no individual matrix elements are required. Furthermore, it allows the use of the fast Fourier
transform to do the matrix times vector multiplication.

INTRODUCTION

It is well known that the matrix multiplication Hx,
where H is the n X n Hamiltonian matrix expressed in
plane waves, can be done with the help of a fast Fourier
transformation with n 1og2n operations if the potential is
local. ' This method takes advantage of the fact that the
kinetic energy is diagonal in Fourier space whereas the
potential energy is diagonal in real space. To calculate
the potential energy, one therefore first transforms into
real space, multiplies with the potential, and then transforrns back. For large n, this is significantly faster than
conventional matrix multiplication.
no
Unfortunately,
exact method has hitherto been known which allows the
use of the fast Fourier transformation in connection with
nonlocal potentials. This has prevented the use of nonseparable nonlocal potentials in large-scale computations
such as molecular-dynamics simulations.

calculation will take an order of n log2n operations. We
now show how the decomposition of the wave function 4
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THK DECOMPOSITION OF THK WAVE FUNCTIONS
INTO ANGULAR MOMENTUM COMPONENTS

We start with the well-known

e'"'= g i'j((kr) g F; (8„$,)I'(
m= —I
I=O

(8",P"),

k is the sum of the Bloch wave vector and a
reciprocal-lattice vector. Let us furthermore expand the
spherical Bessel functions into an arbitrary set of functions f(„„(r}:
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THK ALGORITHM FOR NONLOCAL POTENTIALS

The nonlocal part of the pseudopotential Hamiltonian
such as proposed by Bachelet, Hamann, and Schluter is
of the form
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01 —0 41 — . . . 41 —Imax 4, in real space and multiplies each part with the corresponding loca1 potential
V((r). Finally one transforms back into Fourier space.
Since the transformation from real space into Fourier
space can be done with n logan operations, this part of the
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We can now interpret the coefficients o;(, 1'(' (8",P") as
the coeScients of a matrix whose columns are labeled by
k and whose rows are labeled by A„(r, l, m. This matrix
does the transformation from the basis set e'"' to the
basis set f(„„(r)I'( (8„$,). For arbitrary 4 we can
therefore write
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Equations (4) and (5) are the basic equations. We have
now to find a basis set f» „(r ) which allows a fast evaluation of (4) and (5). Gonze and Vigneron have proposed
in a similar context to use polynomials as the expansion
set for the spherical Bessel functions. We will choose a
different basis set which allows an exact expansion of the
spherical Bessel functions. If the Bloch wave vector is a
high-symmetry point in the Brillouin zone, the k s can be
classes
grouped into a relatively small number,
with the same length. We therefore use all the spherical
Bessel functions corresponding to a length of k represented by one of the classes as the basis set:
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TABLE I. The number of classes of k's with different length
at the I point for a simple-cubic lattice.
Number

of k's

123

1419

141 47

124 487

42

189

802

Number of k's
with different
length, n,

n„of

f» „(r)=i'j»(iver) .
It follows from (2) that
k

Equation (5) then becomes

order of n operations, where n is the number of plane
waves. This is negligible. In (7) we have to perform a
summation over an order of n, terms. If we would calculate the wave function on all the n grid points in real
space, we would arrive at an order of n, n operations. In
practice, however, we have to calculate the wave function
only in the region where the pseudopotential is not negligible, which can result in a significant reduction for cells
with many atoms.
CONCLUSIONS

(6)

and (4) becomes
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Let us now discuss the number of operations which are
necessary to evaluate (6) and (7). If there are n, different
classes, we have to calculate n, different P„ I . Exact
numbers for n, are given in Table I for the case of the
simple-cubic lattice. To calculate all P„
we need an
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